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SOLVABLE MODELS FOR KODAIRA SURFACES
SERGIO CONSOLE, GABRIELA P. OVANDO, AND MAURO SUBILS
Abstract. We consider three families of lattices on the oscillator group G, which
is an almost nilpotent not completely solvable Lie group, giving rise to coverings
G → Mk,0 → Mk,pi → Mk,pi/2 for k ∈ Z. We show that the corresponding families
of four dimensional solvmanifolds are not pairwise diffeomorphic and we compute their
cohomology and minimal models. In particular, each manifold Mk,0 is diffeomorphic to
a Kodaira–Thurston manifold, i.e. a compact quotient S1 × H3(R)/Γk where Γk is a
lattice of the real three-dimensional Heisenberg group H3(R).
We summarize some geometric aspects of those compact spaces. In particular, we note
that any Mk,0 provides an example of a solvmanifold whose cohomology does not depend
on the Lie algebra only and which admits many symplectic structures that are invariant
by the group R× H3(R) but not under the oscillator group G.
1. Introduction
A solvmanifoldM is a compact homogeneous space of a solvable Lie group. In dimension
four the so-called Kodaira surfaces are representable as M = G/Γ where G is a connected
and simply connected solvable Lie group and Γ is a lattice in G (that is, a co-compact
discrete subgroup of G).
In these notes we study models for some four dimensional solvmanifolds, which are
known as Kodaira surfaces [6]. In fact both the primary and the secondary Kodaira
manifolds can be realized as quotients of a fixed solvable (non nilpotent) Lie group G of
dimension four by different lattices.
We start be determining three families of lattices in the solvable Lie group called the
oscillator group, which is the semidirect product G = R ⋉α H3(R) of the (real) three
dimensional Heisenberg group H3(R) by the map
α : R→ Aut (h3) , t 7→

 cos(t) sin(t) 0− sin(t) cos(t) 0
0 0 1

 .
The oscillator group is an example of almost nilpotent solvable Lie group (see Section 3).
If we regard H3(R) as R
3 endowed with the operation
(x, y, z) · (x′, y′, z′) = (x+ x′, y + y′, z + z′ +
1
2
(xy′ − x′y))
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then it admits the co-compact subgroups Γk ⊂ H3(R) given by
Γk = Z× Z×
1
2k
Z .
The lattice Γk (for any k) is invariant under the subgroups generated by α(0) = α(2π),
α(π) and α(pi
2
). Consequently we have three families of lattices in G = R⋉α H3(R):
Λk,0 = 2πZ ⋉ Γk ⊂ G ,
Λk,pi = πZ ⋉ Γk ⊂ G ,
Λk,pi/2 =
pi
2
Z ⋉ Γk ⊂ G .
so that Λk,0 ⊲Λk,pi ⊲Λk,pi/2 (where ⊲ means “contains as a normal subgroup”), which induce
the solvmanifolds
Mk,0 = G/Λk,0 ,
Mk,pi = G/Λk,pi ,
Mk,pi/2 = G/Λk,pi/2 .
We prove that all subgroups of the families Λk,i are not pairwise isomorphic, hence they
determine non-diffeomorphic solvmanifolds.
Observe that the action of α(0) is trivial, so Λk,0 = 2πZ × Γk and by Theorem 2.1,
Mk,0 = G/Λk,0 is diffeomorphic to S
1 ×H3(R)/Γk, a Kodaira–Thurston manifold.
Moreover, for any fixed k, we have the finite coverings
ppi :Mk,0 →Mk,pi ,
ppi/2 : Mk,0 →Mk,pi/2 ,
which are 2- and 4-sheeted respectively and so
G −→Mk,0 −→Mk,pi −→Mk,pi/2.
In Section 4 we compute the cohomology of the minimal model of all solvmanifolds in
the above families.
Theorem 1.1. The Betti numbers bi of the solvmanifolds Mk,∗ are given by
b0 b1 b2
Mk,0 1 3 4
Mk,pi 1 1 0
Mk,pi/2 1 1 0
(clearly b3 = b1 and b4 = b0, by Poincare´ duality).
A minimal model of Mk,0 is given by
Mk,0 = (Λ(x1, y1, z1, t1), d)
where the index denotes the degree (hence all generators have degree one) and the only
non vanishing differential is given by dz1 = −x1y1.
A minimal model of Mk,pi and Mk,pi/2 is given by
Mk,pi =Mk,pi/2 = (Λ(t1, w3), d = 0)
where the index denotes the degree, cf. [16, 17].
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Concerning the geometry the space Mk,0 provides an example of solvmanifold which
admits symplectic structures but no invariant ones. Actually, in Section 5 we prove the
following
Theorem 1.2. There are many symplectic structures on Mk,0 which are invariant by the
group R×H3(R) but not under the oscillator group G.
Moreover Mk,0 covers Mk,pi and Mk,pi/2 which do not admit any symplectic structure,
since their second Betti number vanishes.
It is known that if a given nilmanifold N/Γ admits a symplectic structure, then it admits
an N -invariant one. Hence we provide low dimensional examples which show that this is
not true for solvmanifolds.
Observe that any Mk,0 gives a (low dimensional) example of solvmanifold whose de
Rham cohomology does not agree with the invariant one, i.e. the cohomology of the
Chevalley–Eilenberg complex on the solvable Lie algebra (unlike the case of nilmanifolds
and solvmanifolds in the completely solvable case [8] and, more generally, for which the
Mostow condition holds [19, 5, 3], cf. Section 4).
Actually, it turns out that Mk,0 has the same cohomology as a nilmanifold, namely the
Kodaira–Thurston manifold S1 × H3(R)/Γk, cf. Section 4. Moreover, passing from Mk,0
to the covered manifolds Mk,pi and Mk,pi/2, the cohomology changes. So the cohomology
depends on the lattice and not on the solvable Lie algebra only.
2. Three Families of Solvmanifolds
Unlike the special case of nilmanifolds (i.e., compact quotients of nilpotent Lie groups
by a lattice), there is no simple criterion for the existence of a lattice in a connected and
simply-connected solvable Lie group. A necessary condition is that the connected and
simply-connected solvable Lie group is unimodular [12, Lemma 6.2].
Lattices determine the topology of compact solvmanifolds since they are Eilenberg–
MacLane space of type K(π, 1) (i.e. all homotopy groups vanish, besides the first) with
finitely generated torsion-free fundamental group. Actually lattices associated to solvman-
ifolds yield their diffeomorphism class as the following theorem states.
Theorem 2.1. [19, Theorem 3.6] Let Gi/Γi be solvmanifolds for i ∈ {1, 2} and ϕ : Γ1 →
Γ2 an isomorphism. Then there exists a diffeomorphism Φ : G1 → G2 such that
(i) Φ|Γ1 = ϕ,
(ii) Φ(pγ) = Φ(p)ϕ(γ), for any γ ∈ Γ1 and any p ∈ G1.
As a consequence two solvmanifolds with isomorphic fundamental groups are diffeomor-
phic.
Recall that if the action of the group Γ on the topological space Y is properly discon-
tinuous, then there is a differentiable structure on Y/Γ such that Y → Y/Γ is a normal
covering, Γ is the Deck transformation group of the covering and if Y is simply connected
then Γ is isomorphic to π1(Y/Γ) [7, Proposition 1.40].
Each discrete subgroup Λk,i i = 0, π, π/2 acts properly discontinuous on the simply
connected space G. In the sequel we shall see that they are pairwise non isomorphic so
that the resulting compact spaces are pairwise non homeomorphic.
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Lemma 2.2. Let k ∈ N. Then
(1) Zk = 2πZ× 0× 0×
1
2kZ is the center of Λk,i for i = 0, π, π/2 and
(2) C = 0× 0× 0× Z is the commutator of Λk,0.
Proof. Fix k ∈ N and take i = 0, π, π/2. By a simple computation we see that for each k
the set Zk is contained in the center of G, and then it is contained in the center of Λk,i.
Now, let (θ, a, b, c) be in the center of Λk,i, then
(θ, a, b, c)(0, 1, 0, 0) = (0, 1, 0, 0)(θ, a, b, c),
(θ, a+ cos θ, b− sin θ, c− 1
2
(a sin θ + b cos θ)) = (θ, 1 + a, b, c+ 1
2
b) ,
It follows that θ = 2lπ and b = 0.
Also from (2lπ, a, 0, c)(0, 0, 1, 0) = (0, 0, 1, 0)(2lπ, a, 0, c) we get a = 0. Then (θ, a, b, c) ∈
Zk
Now we prove that C is the commutator of Λk,0. By computing we see
(2lπ, a, b, c)(2l′π, a′, b′, c′)(2lπ, a, b, c)−1(2l′π, a′, b′, c′)−1 = (0, 0, 0, ab′ − a′b) ∈ C
Since C is a subgroup, we have that the commutator is contained in C. But taking
(2lπ, a, b, c) = (0, x, 0, 0) and (2l′π, a′, b′, c′) = (0, 0, 1, 0) for any x ∈ Z, it follows that
the element of C given by (0, 0, 0, x) belongs to the commutator and this completes the
proof. 
Proposition 2.3. The groups Λk,i, k ∈ N, i = 0, π/2, π, are pairwise not isomorphic.
Proof. First we observe that if ϕ : Λp,j → Λk,i is an isomorphism then ϕ((2l+1)π, a, b, c) 6=
(2l′π, a′, b′, c′) for l, l′ ∈ Z. Otherwise, we get
ϕ((4l + 2)π, 0, 0, z) = ϕ((2l + 1)π, a, b, c)2 = (2l′π, a′, b′, c′)2 = (4l′π, 2a′, 2b′, z′) ∈ Zk
which is the center of Λk,i by Lemma 2.2; it follows that a
′ = b′ = 0. So ϕ((2l+1)π, a, b, c) ∈
Zk and ((2l+1)π, a, b, c) ∈ Zp, which is a contradiction. Considering ϕ
−1 we get also that
ϕ(2lπ, a, b, c) 6= ((2l′ + 1)π, a′, b′, c′) for l, l′ ∈ Z. We conclude that Λk,0 is not isomorphic
to Λp,pi nor to Λp,pi/2.
If there is an isomorphism ϕ1 : Λk,pi/2 → Λp,pi with ϕ1(π/2, 0, 0, 0) = (lπ, a, b, c), then:
ϕ1(π/2, 0, 0, 0)
2 = (lπ, a, b, c)2 ⇒ ϕ1(π, 0, 0, 0) = (2lπ, x, y, z),
and we show that this cannot happen.
Suppose that ϕ2 : Λk,0 → Λp,0 is an isomorphism with p < k. By Lemma 2.2, ϕ2(C) =
C.
ϕ2(0, 0, 0, 1) = ϕ2(0, 0, 0,
1
2k
)2k = (2πa, b, c,
d
2p
)2k = (4πka, 2kb, 2kc,
e
2p
),
for some a, b, c, d, e ∈ Z. Then (2ka, 2kb, 2kc, e
2k ) ∈ C and a = b = c = 0.
ϕ2(0, 0, 0,
p
k
) = ϕ2(0, 0, 0,
1
2k
)2p = (0, 0, 0,
d
2p
)2p = (0, 0, 0, d) ∈ C,
So we have (0, 0, 0, pk ) ∈ C. Absurd.
Let ϕ3 : Λk,pi → Λp,pi be an isomorphism. By the remark at the beginning of the proof,
we conclude that the restriction of ϕ3 to Λk,0 is an isomorphism from Λk,0 to Λp,0 which
contradicts the last paragraph.
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Now, let ϕ4 : Λk,pi/2 → Λp,pi/2 be an isomorphism. If ϕ4((2l + 1)π/2, a, b, c) =
(l′π, a′, b′, c′), then ϕ4((2l + 1)π/2, a, b, c)
2 = (l′π, a′, b′, c′)2 and follows that ϕ4((2l +
1)π, x, y, z) = (2l′π, 0, 0, z′) which also contradicts the remark. Then ϕ4(Λk,pi) = Λp,pi.

Theorem 2.1. The subgroups Λk,i are the only lattices of G of the form L1×L2×L3×L4
where Li ⊂ R is a subset for every i = 1, 2, 3, 4.
Proof. Let L = L1 × L2 × L3 × L4 be a lattice of G, then it is easy to see that Li is a
discrete subgroup of R for i = 1, 2, 3, 4. Then there are p, q, r, s ∈ R≥0 such that
L = pZ× qZ× rZ× sZ
Letm ∈ Z, since (0, q, 0, 0) ∈ L, (0, 0, rm, 0) ∈ L then (0, q, rm, qr
2
m) ∈ L and qr
2
m ∈ L4.
It follows that s = qr
2k for some k ∈ N.
On the other hand, since (p, 0, 0, 0) ∈ L and (0, q, 0, 0) ∈ L then (p, q cos p,−q sin p, 0) ∈
L and cos p ∈ Z. It follows that p = pi
2
l for some non negative integer l.
We conclude that:
L =
π
2
lZ× qZ× rZ×
qr
2k
Z
for q, r ∈ R≥0, k ∈ N and l a non negative integer.
If l = 0, then G/L ∼= R×H3(R)/L
′ which is not compact for L′ ⊂ H3(R). If r = 0 then
L ∩H3(R) = qZ× 0× 0 which is not a lattice in H3(R). Analogously, if q = 0.
Therefore l, r, q are non zero real numbers, moreover l ∈ N.
Now we consider four cases l ≡ 0, 1, 2, 3 (mod 4).
• l ≡ 0 (mod 4)
A set of the form L = 2πlZ×qZ×rZ× qr
2kZ is a lattice of G and it is isomorphic
to Λk,0 via the isomorphism:
γ1 : Λk,0 → 2πlZ× qZ× rZ×
qr
2kZ
γ1(t, x, y, z) = (lt, qx, ry, qrz)
• l ≡ 2 (mod 4)
A set of the form L = (2l + 1)πZ × qZ × rZ × qr
2kZ is a lattice of G which is
isomorphic to Λk,pi via the isomorphism:
γ2 : Λk,pi → (2l + 1)πZ × qZ× rZ×
qr
2kZ
γ2(t, x, y, z) = ((2l + 1)t, qx, ry, qrz)
• l ≡ 1 (mod 4)
Let L = (4l + 1)pi
2
Z× qZ× rZ× qr
2kZ be a subgroup of G, then
• ((4l + 1)pi
2
, 0, 0, 0)(0,−q, 0, 0) = ((4l + 1)pi
2
, 0, q, 0) ∈ L and
• ((4l + 1)pi
2
, 0, 0, 0)(0, 0, r, 0) = ((4l + 1)pi
2
, r, 0, 0) ∈ L.
Thus we deduce that r|q and q|r, so q = r.
A set of the form L = (4l + 1)pi
2
Z × qZ × qZ × q
2
2kZ is a lattice of G and it is
isomorphic to Λk,pi/2 via the isomorphism:
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γ3 : Λk,pi/2 → (4l + 1)
pi
2
Z× qZ× qZ× q
2
2kZ
γ3(t, x, y, z) = ((4l + 1)t, qx, qy, q
2z)
• l ≡ 3 (mod 4)
Let L = (4l + 3)pi
2
Z× qZ× rZ× qr
2kZ be a subgroup of G, as before
• ((4l + 3)pi
2
, 0, 0, 0)(0, q, 0, 0) = ((4l + 3)pi
2
, 0, q, 0) ∈ L and
• ((4l + 3)pi
2
, 0, 0, 0)(0, 0,−r, 0) = ((4l + 3)pi
2
, r, 0, 0) ∈ L
which implies q = r.
The set L = (4l + 3)pi
2
Z × qZ × qZ × q
2
2kZ is a lattice of G which is isomorphic
to Λk,pi/2 via the isomorphism:
γ4 : Λk,pi/2 → (4l + 1)
pi
2
Z× qZ× qZ× q
2
2kZ
γ4(t, x, y, z) = ((4l + 3)t,−qx,−qy,−q
2z)

Remark 1. Notice that there exist lattices in G which are not of the form L1×L2×L3×L4.
For instance, let L be the next one
L =
{(
2lπ, 2x, 2y,
1
2
z
)
: l, x, y, z ∈ Z
}
∪
{(
(2l + 1)π, 2x + 1, 2y + 1,
1
2
z
)
: l, x, y, z ∈ Z
}
.
It contains the lattice 2πZ × 2Z × 2Z × 2Z. But this lattice is isomorphic to Λ2,pi via
the isomorphism (t, x, y, z) → (t, x−y
2
, x+y
2
, z
2
). We conjecture that every lattice of G is
isomorphic to one of the family Λk,i as above .
3. The Mostow bundle and almost nilpotent Lie groups
Let M = G/Γ be a solvmanifold that is not a nilmanifold. Let N be the nilradical of
G, i.e., the largest connected nilpotent normal subgroup of G.
Then ΓN := Γ ∩N is a lattice in N , ΓN = NΓ is closed in G and G/(NΓ) =: T
k is a
torus. Thus we have the so-called Mostow fibration:
N/ΓN = (NΓ)/Γ →֒ G/Γ −→ G/(NΓ) = T
k
Most of the rich structure of solvmanifolds is encoded in this bundle.
The fundamental group Γ of M can be represented as an extension of a torsion-free
nilpotent group Λ of rank n− k by a free abelian group of rank k where 1 ≤ k ≤ 4:
(1) 0 −→ Λ −→ Γ −→ Zk −→ 0
The classification of solvmanifolds of dimension four reduces to the classification of the
groups Γ as the group extensions above (see [6]).
A connected and simply-connected solvable Lie group G with nilradical N is called
almost nilpotent if its nilradical has codimension one. In this case G can be written as a
semidirect product G = R⋉µN . In addition, if N is abelian, i.e. N = R
n, then G is called
almost abelian.
Let G = R ⋉µ N be an almost nilpotent Lie group. Since N has codimension one in
G, we can consider µ as a one-parameter group R → Aut(N). Observe that dµ =: φ is
one-parameter subgroup of the automorphism group of the Lie algebra n of N .
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Example 1. Let consider the 3-dimensional solvable Lie group R ⋉ R2 with structure
equations 

de1 = 0,
de2 = 2πe13,
de3 = −2πe12.
is a non-completely solvable Lie group which admits a compact quotient and the uniform
discrete subgroup is of the form Γ = Z⋉ Z2 (see [16, Theorem 1.9] and [13]). Indeed, the
Lie group R⋉ R2 is the group of matrices

cos(2πt) sin(2πt) 0 x
− sin(2πt) cos(2πt) 0 y
0 0 1 t
0 0 0 1


and the lattice Γ generated by 1 in R and the standard lattice Z2. The semidirect product
is relative to the one-parameter subgroup
t 7→

 cos(2πt) sin(2πt) 0− sin(2πt) cos(2πt) 0
0 0 1

 .
The solvable Lie group R⋉ R2 is almost abelian.
Example 2. The oscillator group G = R⋉α H3(R) is almost nilpotent.
4. Computation of Cohomology and Minimal Model
Let M/Γ be a solvmanifold. If the algebraic closures A(AdG(G)) and A(AdG(Γ))
are equal, one says that G and Γ satisfy the Mostow condition. In this case the de
Rham cohomology H∗(M) of the compact solvmanifold M = G/Γ can be computed by
the Chevalley–Eilenberg cohomology H∗(g) of the Lie algebra g of G (see [14] and [19,
Corollary 7.29]); indeed, one has the isomorphism H∗(M) ∼= H∗(g). A special case is
provided by nilmanifolds (Nomizu’s Theorem, [15]) and more generally if G is completely
solvable ([8]), i.e. all the linear operators adX : g→ g, X ∈ g have only real eigenvalues.
Let us consider Mk,0 = G/Λk,0. Now, applying similar methods as in [4], one can show
that the algebraic closure A(AdG(G)) of AdG(G) is S
1×H3(R) and the one of AdG(Λk,0)
is H3(R). Thus the Mostow condition does not hold.
Actually to compute the cohomology of Mk,0 one can remark that it is diffeomorphic
to S1 × H3(R)/Γk, the Kodaira–Thurston manifold. Hence we can easily write down its
cohomology classes, in terms of the ones of S1 and H3(R)/Γk.
By Nomizu’s Theorem, the cohomology of H3(R)/Γk is given by the Chevalley–Eilenberg
cohomology H∗(h3) of the Lie algebra h3 of H3(R). By the structure equations
dα = 0, dβ = 0, dγ = −αβ
it follows that
• H1(H3(R)/Γk) is generated by α, β,
• H2(H3(R)/Γk) is generated by αγ, βγ and
• H3(H3(R)/Γk) is generated by αβγ.
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Let τ be the generator of H1(S1) ∼= R∗
Thus the de Rham cohomology classes of Mk,0 = G/Λk,0 are given by:
• H1(Mk,0) ∼= R
3 is generated by τ, α, β.
• H2(Mk,0) ∼= R
4 is generated by τα, τβ, αγ, βγ.
• H3(Mk,0) ∼= R
4 is generated by ταγ, τβγ, αβγ .
• H4(Mk,0) ∼= R
4 is generated by ταβγ.
A minimal model of Mk,0 is given by
Mk,0 = (Λ(x1, y1, z1, t1), d)
where the index denotes the degree (hence all generators have degree one) and the only
non vanishing differential is given by dz1 = −x1y1. It suffices to send t1 to τ , x1 to α (and
so on) to have a quasi isomorphism Mk,0 → ΛMk,0, where ΛMk,0 denotes the de Rham
algebra of Mk,0. This result can be also obtained by applying the method in [16, 17] for
the Koszul-Sullivan model of the Mostow fibration.
In order to compute the cohomologies of Mk,pi and Mk,pi/2 recall that there are the
2-sheeted and 4-sheeted coverings ppi : Mk,0 →Mk,pi and ppi/2 :Mk,0 →Mk,pi/2.
In general, if q : X → X˜ is a finite sheeted covering defined by the action of a group Φ
on X, then the cohomologies of X˜ are given by the invariants by the action of the finite
group Φ), i.e.
H∗(X˜) ∼= H∗(X)Φ ,
(see e.g. [7, Proposition 3G,1]).
Now, the (nontrivial part of the) action of Λk,pi/Λk,0 is given by α 7→ −α and β 7→ −β.
The (nontrivial part of the) action of Λk,pi/2/Λk,0 is given by α 7→ −β and β 7→ α.
Computing the invariants, one easily sees that the de Rham cohomology of Mk,pi/2 is the
same as the one of Mk,pi.
Thus the cohomology of Mk,pi and Mk,pi/2 is
• H1(Mk,pi) ∼= R is generated by τ .
• H2(Mk,pi) is trivial (there is no invariant 2-form).
• H3(Mk,pi) ∼= R is generated by αβγ.
• H4(Mk,pi) ∼= R is generated by ταβγ.
A minimal model of Mk,pi and Mk,pi/2 is given by
Mk,pi =Mk,pi/2 = (Λ(t1, w3), d = 0)
where the index denotes the degree, cf. [17, Example 3.2]. A quasi isomorphism Mk,pi →
ΛMk,pi, is given by t1 7→ τ and w3 7→ αβγ.
The cohomologies of the Chevalley–Eilenberg complexes of the Lie algebras g of the
oscillator group G and of the nilpotent Lie algebra t× h3 of S
1 ×H3(R) are given by:
b0 b1 b2 b3 b4
g 1 1 0 1 1
t× h3 1 3 4 3 1
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Hence, Mk,0 has the same cohomology as a nilmanifold, namely the Kodaira–Thurston
manifold S1 ×H3(R)/Γk. Thus any Mk,0 gives a (low dimensional) example of solvmani-
fold whose cohomology does not agree with the invariant one, i.e. the cohomology of the
Chevalley–Eilenberg complex on the solvable Lie algebra g. On the other hand, the de
Rham cohomologies of Mk,pi and Mk,pi/2 are isomorphic to the cohomology of the corre-
sponding solvable Lie algebra g, although the Mostow condition does not hold.
Remark 2. In general, if the Mostow condition does not hold, as far as we know two
techniques can be applied: the modification of the solvable Lie group [5, 3] and the cited
Koszul-Sullivan models of fibrations in the almost nilpotent case [16, 17]. As for the first
method, one knows by Borel density theorem (see e.g. [19, Theorem 5.5]) that there exists
a compact torus Tcpt such that TcptA(AdG(Γ)) = A(AdG(G)). Then one shows (see [3])
that there exists a subgroup Γ˜ of finite index in Γ and a simply connected normal subgroup
G˜ (the “modified solvable Lie group”) of Tcpt ⋉G such that A(Ad G˜(Γ˜)) = A(Ad G˜(G˜)).
Therefore, G˜/Γ˜ is diffeomorphic to G/Γ˜ and H∗(G/Γ˜) ∼= H∗(g˜), where g˜ is the Lie algebra
of G˜. In the case of the families Mk,0, Mk,pi and Mk,pi/2 one sees that Γ˜k = Λk,0 (for any
k) and that G˜k is S
1 ×H3(R).
5. About Complex and Symplectic structures
Here we shall study in more details the solvmanifolds as models of compact spaces
provided with complex or symplectic structures.
For the classification of four-dimensional solvmanifolds (up to finite coverings) it is
sufficient to classify the groups Γ as group extensions as in (1) and find a subgroup Γ′
which entends to a simply connected solvable Lie group G such that G/Γ′ is a solvmanifold.
Due to results of Ue [22] a complex surface S is diffeomorfic to a T2 bundle over T2
if and only if S is a complex torus, Kodaira surface or hyperelliptic surface. Moreover,
Hasegawa [6] proved
Theorem 5.1. A complex surface is diffeomorphic to a four-dimensional solvmanifold if
and only if it is one of the following surfaces: complex torus, hyperelliptic surface, Inou
surface of type S0, primary Kodaira surface, secondary Kodaira surface, Inoue surface of
type S±. And every complex structure on each of these complex surfaces is invariant.
The invariance of the complex structure concerns the algebraic structure of the group
covering the manifold. Thus for the so-called Kodaira–Thurston manifold, (above Kodaira
surface of type I) we have two solvable groups which covers this space. On the one hand
the oscillator group G and on the other hand the nilpotent Lie group R×H3(R).
It is known that in the corresponding nilpotent Lie group R × H3(R) there is only
one integrable almost complex structure up to equivalence but on G there are two non-
equivalent ones.
Furthermore, let R × h3 denote the Lie algebra of R × H3(R) and let g denote the
oscillator Lie algebra, that is the Lie algebra of the oscillator Lie group G.
Now, every complex structure J on R× h3 is abelian, that is J satisfies [Ju, Jv] = [u, v]
for all u, v in the Lie algebra. Every complex structure here is equivalent to (see [20])
(2) JX˜ = Y˜ JZ˜ = T˜ J2 = −1
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where X˜, Y˜ , Z˜, T˜ is a basis of left-invariant vector fields, specifically for the coordinates
(t, x, y, z) ∈ R4 one has
T˜ = ∂∂t X˜ =
∂
∂x −
1
2
y ∂∂z
Y˜ = ∂∂y +
1
2
x ∂∂z Z˜ =
∂
∂z
On the oscillator group the almost complex structure defined as in (2) is also integrable
for the left-invariant vector fields X˜, Y˜ , Z˜, T˜ nevertheless it cannot be abelian. In fact, no
complex structure on g is abelian. In this case the left-invariant vector fields are given by
T˜ = ∂∂t X˜ = cos(t)
∂
∂x − sin(t)
∂
∂y −
1
2
(x cos(t) + y sin(t)) ∂∂z
Z˜ = ∂∂z Y˜ = sin(t)
∂
∂x + cos(t)
∂
∂y +
1
2
(x cos(t)− y sin(t)) ∂∂z
Thus one has the next covering as complex spaces
(3) G −→Mk,0 −→Mk,pi −→Mk,pi/2.
Remark 3. (3) above gives an explicit realization of the covering in Case (5) page 756 [6].
Concerning symplectic geometry notice that the oscillator group G does not admit any
invariant symplectic structure [18, 11]. But the Kodaira–Thurston manifold Mk,0 was the
first example constructed in order to provide an example of a compact manifold admitting
a symplectic structure but no Ka¨hler structures [21].
These remarks yield the proof of Theorem 1.2.
It is known that if a given nilmanifold N/Γ admits a symplectic structure, then it admits
an N -invariant one. This follows by Nomizu’s Theorem, since any de Rham cohomology
class has an invariant representative, and it is more in general true for solvmanifolds for
which the Mostow condition holds. The example above shows that this is not true for any
solvable Lie group.
Moreover Mk,0 covers Mk,pi and Mk,pi/2 which do not admit any symplectic structure,
since their second Betti number vanishes.
Remark 4. [10, Remarks 2 and 3]: Another example of a non-symplectic manifold finitely
covered by a symplectic manifold is constructed
Remark 5. About metrics on the compact spaces Mk,i. The oscillator group admits a
pseudo-Riemannian metric so that the quotients Mk,i constitute examples of compact
naturally reductive Lorentzian spaces [1]. In this case the geodesics are induced by the
one-parameter groups of G.
On the other side R×H3(R) is an example of a naturally reductive Riemannian space
[9].
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